Abstract. The Galois representation associated to a p-divisible group over a complete noetherian normal local ring with perfect residue field is described in terms of its Dieudonné display. As a corollary we deduce in arbitrary characteristic Kisin's description of the Galois representation associated to a commutative finite flat p-group scheme over a p-adic discrete valuation ring in terms of its Breuil-Kisin module. This was obtained earlier by W. Kim by a different method.
Introduction
Let R be a complete noetherian normal local ring with perfect residue field k of positive characteristic p and with fraction field K of characteristic zero. For a p-divisible group G over R, the Tate module T p (G) is a free Z p -module of finite rank with a continuous action of the absolute Galois group G K . We want to describe the Tate module in terms of the Dieudonné display P = (P, Q, F, F 1 ) associated to G in [Zi2] and [La3] , and relate this to other descriptions of the Tate module when R is a discrete valuation ring.
Let us recall that the Zink ring W(R) is a subring of the ring of Witt vectors W (R) which is stable under the Frobenius endomorphism f of W (R). Let v be the Verschiebung of W (R) and let u 0 ∈ W (R) be the unit defined by u 0 = 1 if p is odd and by v(u 0 ) = 2 − [2] if p = 2. The components of P as above are a finite free W(R)-module P , a submodule Q of P such that P/Q is a free R-module, and f -linear maps F : P → P and F 1 : Q → P such that the image of F 1 generates P , and F 1 (v(u 0 a)x) = aF (x) for x ∈ P and a ∈ W(R). The twist by u 0 is necessary since v does not stabilise W(R) when p = 2.
LetR nr be the completion of the strict henselisation of R, letK be an algebraic closure of its fraction fieldK nr , letR ⊂K be the integral closure ofR nr , and let
where E runs through the finite extensions ofK nr contained inK and where R E ⊂ E is the integral closure ofR nr . LetR be the p-adic completion ofR andŴ(R) the p-adic completion of W(R). We definê PR =Ŵ(R) ⊗ W(R) P andQR = Ker(PR →R ⊗ R P/Q).
LetK ⊂K be the algebraic closure of K and letG K be the group of automorphisms ofK whose restriction toKK nr is induced by an element of G K . The natural mapG K → G K is surjective, and bijective when R is one-dimensional since theñ K =KK nr . The following is the main result of this note; see Proposition 3.1. If G is connected, a similar description of T p (G) in terms of the nilpotent display of G is part of Zink's theory of displays. In this case k need not be perfect; see [Me, Proposition 4.4] . The proof is recalled in Proposition 1.1 below.
Assume now in addition that R is a discrete valuation ring. Then Theorem A can be related with the descriptions of T p (G) in terms of p-adic Hodge theory and in terms of Breuil-Kisin modules as follows.
Relation with the crystalline period homomorphism. Let M cris be the value of the covariant Dieudonné crystal of G over A cris (R) . It carries a filtration and a Frobenius, and by [Fa] there is a period homomorphism
which is bijective if p is odd, and injective with cokernel annihilated by p if p = 2. The v-stabilised Zink ring W + (R) = W(R) [v(1) ] induces an extensionŴ + (R) of the ringŴ(R) defined above; the extension is trivial if p is odd. Since the vstabilised Zink ring carries divided powers, the universal property of A cris gives a homomorphism
Using the crystalline description of Dieudonné displays of [La3] , one obtains an
compatible with Frobenius and filtration. We will show that τ induces the identity on T p (G), viewed as a submodule of Fil M cris by the period homomorphism and as a submodule ofQR ⊂PR by Theorem A; see Proposition 5.2.
Relation with Breuil-Kisin modules. Choose a generator π of the maximal ideal of R. Let S = W (k) [[t] ] and let σ : S → S extend the Frobenius automorphism of W (k) by t → t p ; see below for the case of more general Frobenius lifts. We consider pairs M = (M, φ) where M is a finite S-module and where φ : M → M (σ) is an S-linear map with cokernel annihilated by the kernel of the map S → R given by t → π. Following [VZ] , M is called a Breuil window if M is free over S, and M is called a Breuil module if M is a p-torsion S-module of projective dimension at most one.
It is known that p-divisible groups over R are equivalent to Breuil windows. This was conjectured by Breuil [Br] and proved by Kisin [Ki1, Ki2] if p is odd, and for connected groups if p = 2. The general case is proved in [La3] by showing that Breuil windows are equivalent to Dieudonné displays; here the ring R can be regular of arbitrary dimension. For odd p the last equivalence is already proved in [VZ] for some regular rings, including all discrete valuation rings. As a corollary, commutative finite flat p-group schemes over R are equivalent to Breuil modules. Another proof for p = 2, related more closely to Kisin's methods, was obtained independently by W. Kim [K] .
Let K ∞ be the extension of K generated by a chosen system of successive p-th roots of π. For a p-divisible group G over R let T (G) be its Tate module, and for a commutative finite flat p-group scheme G over R let T (G) = G(K). Kisin's and Kim's results include a description of T (G) as a G K∞ -representation in terms of the Breuil window or Breuil module (M, φ) associated to G. In the covariant theory it takes the following form:
Here M nr = S nr ⊗ S M , and the ring S nr is recalled in Section 6 below. We will show how (1) can be deduced from Theorem A. It suffices to consider the case where G is a p-divisible group. The equivalence between Breuil windows and Dieudonné displays over R is induced by a homomorphism κ : S → W(R). It can be extended to κ nr : S nr →Ŵ(R), which allows to define a map of G K∞ -modules
Since the target is isomorphic to T (G) by Theorem A, the proof of (1) is reduced to showing that τ is bijective; see Proposition 7.4. The verification is easy if G iś etale; the general case follows quite formally using a duality argument.
Finally let us recall that the equivalence between Breuil windows and p-divisible groups requires only a Frobenius lift σ : S → S which stabilises the ideal tS such that p 2 divides the linear term of the power series σ(t). In this case, if K ∞ denotes the extension of K generated by a chosen system of successive σ(t)-roots of π, we obtain an isomorphism (1) of G K∞ -modules as before; here the ring S nr depends on σ as well.
The author thanks Th. Zink for interesting and helpful discussions.
The case of connected p-divisible groups
Let R be a complete noetherian normal local ring with residue field k of characteristic p = 0, with fraction field K of characteristic zero, and with maximal ideal m. In this section we recall how the Tate module of a connected p-divisible group over R is expressed in terms of its nilpotent display.
Fix an algebraic closureK of K and let G K = Gal(K/K). LetR ⊂K be the integral closure of R and letm ⊂R be its maximal ideal. For a finite extension E of K contained inK let R E =R ∩ E, which is a complete noetherian local ring, and let m E ⊂ R E be its maximal ideal. We writê
LetW (m) be the p-adic completion ofŴ (m) and letm be the p-adic completion of m. We have a surjectionW (m) →m. For a display P = (P, Q, F, F 1 ) over R let
The functor BT of [Zi1] induces an equivalence of categories between nilpotent displays over R and connected p-divisible groups over R; here P is called nilpotent if P ⊗ R k is V -nilpotent in the usual sense. The following is stated in [Me, Proposition 4.4] .
Proposition 1.1 (Zink). Let P be a nilpotent display over R and let G = BT(P) be the associated connected p-divisible group over R. There is a natural exact sequence of G K -modules
is the Tate module of G. The proof of Proposition 1.1 uses the following well-known facts.
Lemma 1.2. Let A be an abelian group. 
Both assertions of the lemma follow easily.
For a p-divisible group G over R and for E as above we writê
Lemma 1.3. Multiplication by p is surjective onĜ(R).
Proof. Let x ∈Ĝ(R E ) be given. The inverse image of x under multiplication by p is a compatible system of
is non-empty, and x becomes divisible by p inĜ(R F ).
Proof of Proposition 1.1. Let E be a finite Galois extension of K inK. Let
Recall that P is a finite free W (R)-module, and P/Q is a finite free R-module. The definition of the functor BT in [Zi1, Thm. 81] gives an exact sequence of G K -modules
Since the modulesQ E,n form a surjective system with respect to n, applying lim
The p-adic completions ofPm andQm arePm andQm; here we use thatm ⊗ R P/Q has no p-torsion.
MoreoverPm has no p-torsion sinceŴ (m) is contained in the Q-algebra W (K). Using Lemmas 1.3 and 1.2, the Ext-sequence of Q p /Z p with (1.1) reduces to the short exact sequence
The proposition follows since the p n -torsion ofĜ(R) and G(K) coincide.
Some frame formalism
Before we proceed we introduce a formal definition. Let F = (S, R, I, σ, σ 1 ) be a frame in the sense of [La2] such that S is a Z p -algebra and σ is Z p -linear. For an F -window P = (P, Q, F, F 1 ) we consider the module of invariants
this is a Z p -module. Let us list some of its formal properties.
Functoriality in F : Let α :
′ is a unit, and we have σ
For an F -window P as above, the S-linear
Duality: Recall that a bilinear form of F -windows γ :
It induces a bilinear map of Z p -modules
Let us denote the F -window (S, I, σ, σ 1 ) by F again. For each F -window P there is a well-defined dual F -window P t together with a perfect bilinear form P ×P t → F . It gives a bilinear map T (P)×T (P t ) → T (F ). In our applications, T (F ) will be free of rank one, and the bilinear map will turn out to be perfect.
Functoriality of duality: For a u-homomorphism of frames α : F → F ′ with c as above and for a bilinear form of F -windows γ : P × P ′ → P ′′ , the base change of γ multiplied by c −1 is a bilinear form of F ′ -windows α * P × α * P ′ → α * P ′′ , which we denote by α * (γ); see [La2, Lemma 2.14] . By passing to the modules of invariants we obtain a commutative diagram
This will be applied to the bilinear form P × P t → F .
The case of perfect residue fields
Let R, K, k, m be as in Section 1. Assume that the residue field k is perfect. As in [La3, Sections 2.3 and 2.7] we consider the frame
Windows over D R , called Dieudonné displays over R, are equivalent to p-divisible groups G over R by [Zi2] if p is odd and by [La3, Theorem A] in general. The Tate module T p (G) can be expressed in terms of the associated Dieudonné display by a variant of Proposition 1.1 as follows. Let R nr be the strict henselisation of R. This is an excellent normal domain by [Gre] or [Se] , so its completionR nr is a normal domain again. Let K nr ⊂K nr be the fraction fields of R nr ⊂R nr , letK be an algebraic closure ofK nr , and let R ⊂K be the integral closure ofR nr . We define a frame
where E runs through the finite extensions ofK nr inK and where R E ⊂ E is the integral closure ofR nr . SinceR has no p-torsion, the componentwise p-adic completion of DR is a frame again, which we denote bŷ
LetK ⊂K be the algebraic closure of K and let G K = Gal(K/K). The tensor productK ⊗ K nrK nr is a subfield ofK; see [Ra, Chapitre IX, Théorème 3] , with equality if R is one-dimensional, since in any case the etale coverings of the complements of the maximal ideals in Spec R nr and SpecR nr coincide by [El, Théorème 5] or by [Ar, II 2.1] . LetG K be the group of automorphisms ofK whose restriction toKK nr is induced by an element of G K . This group acts naturally on DR and onDR. The projectionG K → G K is surjective, and bijective if R is one-dimensional.
Proposition 3.1. Let G be a p-divisible group over R and let P = Φ R (G) be the Dieudonné display over R associated to G in [La3] . LetPR = (PR,QR, F, F 1 ) be the base change of P toDR. There is a natural exact sequence ofG K -modules
In particular we have an isomorphism of G K -modules
which we call the period isomorphism is display theory.
Proof of Proposition 3.1. For a p-divisible group G over R and for finite extensions E ofK nr inK we set
Multiplication by p is surjective onĜ(R) by Lemma 1.3 applied overR nr . The groupG K acts on the systemĜ(R E ) for varying E and thus onĜ(R). The rings R E,n = R E /m n E are local Artin rings with residue fieldk. Thus R E,n lies in the category J R/m n defined in [La3, Section 9] . Let P E,n = (P E,n , Q E,n , F, F 1 ) be the base change of P to R E,n . Since every ind-étale covering of Spec R E,n has a section, the definition of the functor BT in [La3, Proposition 9 .4] as an ind-étale cohomology sheaf together with [La3, Proposition 9.7] shows that G(R E,n ) = BT(P E,n )(R E,n ) is quasi-isomorphic to the complex ofG K -modules in degrees −1, 0, 1
where E runs through the finite extensions of K nr inK. Since G(R E,n ) and the components of C E,n form surjective systems with respect to n, the complex C is quasi-isomorphic toĜ(R). We will verify the following chain of isomorphisms (denoted ∼ =) and quasi-isomorphisms (denoted ≃) of complexes ofG K -modules, which will prove the proposition. Here Ext 1 is taken component-wise in the second argument.
The torsion subgroups of G(K) and ofĜ(R) coincide, which proves (1). For (2) we need that Ext 1 (Q p /Z p ,Ĝ(R)) vanishes, which is true since p is surjective on G(R); see Lemma 1.2. The quasi-isomorphism betweenĜ(R) and C gives (3). Let (PR, QR, F, F 1 ) be the base change of P to DR and let Pk = W (k) ⊗ W(R) P . The complex C can be identified with the cone of the map of complexes
SinceR is a domain of characteristic zero, the ring W(R) ⊂ W (R) has no p-torsion, and thus the components of C have no p-torsion. In particular, Hom(Q p /Z p , C) vanishes, which proves (4). The p-adic completions of PR and QR arePR andQR, while the p-adic completion of Pk[1/p] is zero. Thus Lemma 1.2 gives (5). 
with E as in Section 3, and denote the 2-adic completion of D
For a 2-divisible group G over R let G m be the multiplicative part of G and define G + by the following homomorphism of exact sequences of 2-divisible groups:
Proposition 4.1. Let G be a 2-divisible group over R with associated Dieudonné display P = Φ R (G). LetP
There is a natural exact sequence ofG K -modules
Proof. LetPk =k ⊗ W(R) P . We will construct the following commutative diagram with exact rows, whereF is induced by F :
Here the Frobenius-linear endomorphismF is nilpotent if G is unipotent, and is given by an invertible matrix if G is of multiplicative type. ThusF − 1 is surjective with kernel an F p -vector space of dimension equal to the height of G m , and Proposition 4.1 follows from Proposition 3.1 if the diagram is constructed.
The natural homomorphismŴ(R) →Ŵ + (R) is injective and defines a u 0 -homomorphism of frames ι :DR →D + R where the unit u 0 ∈ W + (Z 2 ) is defined by v(u 0 ) = 2 − [2]; see [La3, Section 2.5]. Since u 0 maps to 1 in W (F 2 ) there is a unique unit c 0 of W + (Z 2 ) which maps to 1 in W (F 2 ) such that c 0 f (c ) is the homomorphism defined in Section 2.
The relation with A cris
Let R be a complete discrete valuation ring with perfect residue field k of characteristic p and fraction field K of characteristic zero. In this case our ringR is equal toR, the p-adic completion of the integral closure of R inK. Let A cris = A cris (R) and consider the frame [Fa] constructs a period homomorphism
which is bijective if p is odd; for p = 2 the homomorphism is injective with cokernel annihilated by p. More precisely, for p = 2 the cokernel is zero if G is unipotent by [Ki2, Proposition 1.1.10], while the cokernel is non-zero if G is non-zero and of multiplicative type; thus the period homomorphism extends to an isomorphism T p (G + ) ∼ = T (M) with G + as in Section 4. Let us relate this with the period isomorphisms of Sections 3 and 4. For the sake of uniformity, in the following we write W + = W etc. if p is odd. ThenŴ + (R) →R is a divided power extension of p-adic rings for all p. Recall that A cris is the p-adic completion of the divided power envelope of the kernel of θ : A inf →R, where A inf = W (R), and R is the projective limit ofR/pR under Frobenius.
Lemma 5.1. There are unique homomorphisms κ inf and κ cris of extensions ofR as written below. They commute with Frobenius, and the diagram commutes.
1 Here we need that σ 1 (Fil A cris ) Proof. Briefly said, the universal property of A cris gives κ cris , and the lemma explicates its construction. Namely, all elements x of the kernel ofŴ + (R)/p n →R/p satisfy x gives a unique homomorphism κ inf of extensions ofR/p, and the universality also implies that κ inf commutes with the Frobenius and with the projections toR. Sincê W + (R) →R is a divided power extension of p-adic rings, κ inf extends uniquely to κ cris , and κ cris commutes with the Frobenius because this holds for κ inf .
Using thatŴ
+ (R) has no p-torsion, it follows that κ cris is aG K -equivariant strict frame homomorphism 
Proposition 5.2. The following diagram of G K -modules commutes up to multiplication by a p-adic unit which is independent of G, and τ is an isomorphism.
Proof of Proposition 5.2. The composition τ c0 • per extends to an isomorphism
) by Proposition 4.1 and Remark 4.2. Thus if the diagram commutes, by the properties of per cris recalled above it follows that τ is an isomorphism. Here we need only that the Z p -rank of T (M) is ≤ the height of G and that per cris is not bijective when p = 2 and G is non-zero of multiplicative type.
Let us prove that the diagram commutes. We start with the case G = Q p /Z p . Then per and τ c0 are isomorphisms by Propositions 3.1 and 4.1. We have T p (G) = Z p and M = Fil M = A cris with Frobenius pσ so that T (M) = A σ=1 cris = Z p , and per cris is the identity of Z p by definition. MoreoverQ
with F 1 = f , so τ can be identified with the homomorphism A σ=1 cris →Ŵ + (R) f =1 induced by κ cris . This is a homomorphism of Z p -algebras with source Z p and target free of rank 1 as a Z p -module by Proposition 4.1. Thus τ is bijective, and it follows that τ c0 • per = ρ · τ • per cris for a well defined ρ ∈ Z * p . Let now G be arbitrary. Since the map τ c0 • per = per + is injective with cokernel annihilated by p, the composition γ = pρ · (per + ) −1 • τ • per cris is a well-defined functorial endomorphism of T p G. We have to show that γ = p. By [Ta, 4.2] , γ comes from an endomorphism γ G of G; moreover γ G is functorial in G and compatible with finite extensions of the base ring R insideK. The endomorphisms γ G induce a functorial endomorphism γ H of each commutative finite flat p-group scheme H over a finite extension R ′ of R insideK because H can be embedded into a p-divisible group by Raynaud [BBM, 3.1 .1]; cf. [Ki1, 2.3.5] or [La3, Proposition 4.1] . Assume that H is annihilated by p r and let H 0 = Z/p r Z. There is a finite extension R ′′ of R ′ insideK such that H(K) = H(R ′′ ) = Hom R ′′ (H 0 , H). Since γ H0 = p it follows that γ H = p, and thus γ G = p for all G.
The ring S nr
Let us recall the ring S nr of [Ki1] , which is denoted A + S in [Fo] . One starts with a two-dimensional complete regular local ring S of characteristic zero with perfect residue field k of characteristic p equipped with a Frobenius lift σ : S → S. Let δ : S → W (S) be the unique ring homomorphism with δσ = f δ and w 0 δ = id, and let t be a generator of the kernel of the composition
Let O E be the p-adic completion of S[t −1 ] and let E = k((t)) be its residue field. Fix a maximal unramified extension O E nr of O E and let O E nr be its p-adic completion. Let E sep be the residue field of O E nr , letĒ be an algebraic closure of
, and let OĒ ⊂Ē be its integral closure. The Frobenius lift σ on S extends uniquely to O E nr and induces an embedding
This ring is stable under σ, and
For completeness we sketch a proof of the relation S nr n = S nr /p n S nr . It is easy to see that there is a commutative diagram with exact rows and injective vertical maps:
By induction it suffices to show that the projection S nr → S nr 1 is surjective. Now S nr 1 = O E sep is the union of O F over all finite separable extensions F/E, and in each case (O F , σ) is a free Frobenius module over O E that becomesétale over E. Let M = (S r , φ) be a Frobenius module over S that lifts (O F , σ), so M becomesétale over OE . The projection
is surjective by [Fo, A 1.2] . Let α :
; then this group also coincides with Hom S,φ (M, S nr ), so α factors over S nr , which implies that
is surjective as desired. The first equality is clear by [Fo, A 1.2] . For the second equality it suffices that Hom S,φ (M, W (Ē)/W (OĒ)) vanishes; this is true because every finitely generated Frobenius-stable S-module in W (Ē)/W (OĒ) is zero.
Breuil-Kisin modules
Let R be a complete discrete valuation ring with perfect residue field k of characteristic p and fraction field K of characteristic zero. Let S = W (k) [[t] ] and let σ : S → S be a Frobenius lift that stabilises the ideal tS. We choose a representation R = S/ES where E has constant term p. Let π ∈ R be the image of t, so π generates the maximal ideal of R.
For an S-module M let M (σ) = S ⊗ σ,S M . We consider pairs (M, φ) where M is a finite S-module and where φ : M → M (σ) is an S-linear map with cokernel annihilated by E. Following the [VZ] terminology, (M, φ) is called a Breuil window (resp. a Breuil module) relative to S → R if the S-module M is free (resp. annihilated by a power of p and of projective dimension at most one). We have a frame in the sense of [La2] B = (S, ES, R, σ, σ 1 ) with σ 1 (Ex) = σ(x) for x ∈ S. Windows P = (P, Q, F, F 1 ) over B are equivalent to Breuil windows relative to S → R by the functor P → (Q, φ) where φ : Q → Q (σ) is the composition of the inclusion Q → P with the inverse of the isomorphism
As in [La3, Section 6] let κ be the ring homomorphism
Its image lies in W(R) if and only if the endomorphism of tS/t 2 S induced by σ is divisible by p 2 . In this case, κ : S → W(R) is a Ù-homomorphism of frames B → D R for the unit Ù = 1 (κ(E)) of W(R), and κ induces an equivalence between B-windows and D R -windows, which are equivalent to p-divisible groups over R. As a consequence, Breuil modules relative to S → R are equivalent to commutative finite flat p-group schemes over R.
Since Ù maps to 1 under W(R) → W (k), there is a unique unit ∈ W(R) which maps to 1 in W (k) with σ( −1 ) = Ù. It is given by = Ùσ(Ù)σ 2 (Ù) · · · ; see the proof of [La2, Proposition 8.7] .
Modules of invariants. For a Breuil module or Breuil window (
is finitely generated, and the natural map (7.1)
It is pointed out in [Ki1, Ki2] that the natural map
is a Breuil window, this follows from the proof of [Fo, B 1.8.4] . If (M, φ) is a Breuil module, the map (7.2) is injective since the group X = O E nr /S nr has no p-torsion and thus Tor
is surjective, thus (7.2) is surjective.
7.2. The choice of K ∞ . Letm be the maximal ideal ofR. The power series σ(t) defines a map σ(t) :m →m. This map is surjective, and the inverse images of algebraic elements are algebraic by the Weierstrass preparation theorem. Choose a system of elements (π (n) ) n≥0 ofK with π (0) = π and σ(t)(π (n+1) ) = π (n) , and let K ∞ be the extension of K generated by all π (n) . The system (π (n) ) corresponds to an element π ∈ R = lim ← −R /pR, the limit taken with respect to Frobenius. We embed O E = k [[t] ] into R by t → π, and identify E sep andĒ with subfields of Frac R; thus W (Ē) ⊂ W (Frac R). Then S nr = O E nr ∩ W (R), and the unique ring homomorphism θ : W (R) →R which lifts the projection W (R) →R/pR induces a homomorphism pr nr : S nr →R.
for m ≥ 0, and put
∞ , we have to show that for n, m ≥ 0 the following holds.
The right hand side is equal to σ m (t)(π). Since w m (y i,n ) = g i (σ m (t)(π (n) )), the left hand side is equal to σ n (t)(σ
Define a frame 
as required. It remains to show that Ù ′ is a unit. The projectionR →k induces a local homomorphism of local ringsŴ(R) → W (k) that commutes with f and 1 . The composition S → S nr →Ŵ(R) → W (k) commutes with Frobenius and is thus equal to the homomorphism t → 0. Thus E maps to p in W (k), so Ù ′ maps to 1 (p) = v −1 (p) = 1 in W (k), and it follows that Ù ′ is a unit.
From now on we assume that the hypotheses of Lemma 7.2 are satisfied. Then Ù ′ is the image of Ù, and we get a commutative square of frames, where the horizontal arrows are Ù-homomorphisms and the vertical arrows are strict:
Here G K acts onDR and G K∞ acts on B nr , and κ nr is G K∞ -equivariant.
7.4. Identification of modules of invariants. Now we can state the main result of this section. Let (M, φ) be a Breuil window relative to S → R with associated B-window P, and let P nr be the base change of P to B nr . By definition we have T nr (M, φ) = T (P nr ) as G K∞ -modules. Let P D be the base change of P to D R and letPD be the common base change of P nr and P D toDR. As in Section 2, multiplication by induces a G K∞ -invariant homomorphism τ (P nr ) : T (P nr ) → T (PD).
We recall that the G K -module T (PD ) is isomorphic to the Tate module of the p-divisible group associated to (M, φ); see Proposition 3.1.
Proposition 7.4. The homomorphism τ (P nr ) is bijective.
Proof. Let h be the S-rank of M . The source and target of τ (P nr ) are free Z pmodules of rank h which are exact functors of P; this is true for T (P nr ) since (7.2) and (7.1) are bijective, and for T (DR) by Proposition 3.1.
Consider first the case where the p-divisible group associated to P isétale, which means that P = (P, Q, F, F 1 ) has P = Q, and F 1 : Q → P is a σ-linear isomorphism. Then a Z p -basis of T (P nr ) is an S nr -basis of P nr , and a Z p -basis of T (PD ) is aŴ(R)-basis ofPR. Since Z p →Ŵ(R) is a local homomorphism it follows that τ (P nr ) is bijective.
Consider next the case P = B, which corresponds to the p-divisible group µ p ∞ . Assume that the proposition does not hold for B, i.e. that τ (B nr ) is divisible by p. We may replace k be an arbitrary perfect extension since this does not change τ (B), in particular we may assume that k is uncountable. Let P 0 be the etale B-window that corresponds to Q p /Z p . We consider extensions of B-windows 0 → B → P 1 → P 0 → 0, which correspond to extensions in Ext 1 (Q p /Z p , µ p ∞ ). The image of τ (P nr 1 ) provides a splitting of the reduction modulo p of the exact sequence 0 → T (DR) → T ((P 1 )D ) → T ((P 0 )D ) → 0 and thus the natural homomorphism (7.3) Ext
K∞ (Z/pZ, µ p ) is zero. Now the first arrow in (7.3) can be identified with the obvious homomorphism of multiplicative groups 1 + m R → K * /(K * ) p ; see [La1, Lemma 7 .2] and its proof. By our assumption on k its image is uncountable. Since for a finite extension K ′ /K the homomorphism H 1 (K, µ p ) → H 1 (K ′ , µ p ) has finite kernel, the kernel of the second map in (7.3) is countable. Thus the composition (7.3) cannot be zero, and the proposition is proved for P = B.
Finally let P be arbitrary. Duality gives the following commutative diagram; see Section 2.
T (P nr ) × T (P t nr ) / / τ (P nr )×τ (P t nr )
/ / T (DR) Since (7.2) and (7.1) are bijective, the upper line of the diagram is a perfect bilinear form of free Z p -modules of rank h. Proposition 3.1 implies that the lower line is a bilinear form of free Z p -modules of rank h. We have seen that τ (B nr ) is bijective. These properties imply that τ (P nr ) is bijective.
